The multi-visit drone routing problem (MVDRP) considers a tandem between a truck and drone. The drone is capable of launching from the truck with one or more packages to deliver to customers. The drone may return to the truck to swap/recharge batteries, pick up a new set of packages, and launch again to customer locations. Unlike many papers in the current literature, the model not only allows for a drone to carry multiple heterogeneous packages but also allows the user to specify a drone energy drain function that takes into account package weights, and it decouples the set of 
Introduction
Interest in unmanned aerial vehicles ("drones" or "UAVs") for both commercial and governmental purposes has recently drawn increased interest from private industry and academia alike. Applications of UAV technology exist in agriculture [8] , surveying land or infrastructure [9, 35, 7, 41] , security [26, 6, 14, 49, 11, 48] , cinematography [40] , network communications [29, 37] , health care [56, 32, 33] , emergency operations [1, 24, 23, 25, 30, 39, 45] , and package delivery [51, 31, 40, 2, 38] . An excellent survey describing many UAV applications and related papers is conducted by Otto et al [40] . Despite the broad array of potential domains of application, we will motivate and describe our model through the lens of online order fulfillment for consumer goods.
Amazon CEO Jeff Bezos publicly announced in an April 18, 2018 letter to shareholders that the Amazon Prime service, which offers free two-day shipping of millions of Amazon products, had eclipsed 100 million subscribers and that year 2017 saw the largest subscriber growth in the history of Amazon Prime [50] . Thus, an interview with Bezos discussing the possibility of Amazon delivering packages up to five pounds (2.3 kg) within 30 minutes of order placement via drone has continued to stir great interest in the operations research community [10] . Amazon is not alone in their pursuit of drones for delivery. FedEx, UPS, Posti, Google, Russian Post, and DPD all have reportedly been testing drones for use in delivery [52, 53, 44, 55, 46, 47] . If Amazon's Prime Air project [4] , Google's Project Wing project [55] , and similar ventures come to fruition at scale, then many traditional assumptions and models related to the last-mile of delivery must be reassessed.
Some papers, including Murray and Chu [38] and Ulmer and Thomas [51] , have studied a warehouse direct to consumer model of drone delivery. In one of two models studied by Murray and Chu [38] , packages within range of a warehouse may be delivered by a drone, whereas further away packages may be delivered by a truck. Ulmer and Thomas [51] con-2 sider a same-day delivery scenario, where trucks and drones are dispatched throughout the day as orders are placed. They study the effect of different policies based on geographic districts and distance thresholds for allocating packages to either a truck or drone for delivery.
Due to range limitations related to the finite battery capacity or communication range [34] of the drone and the desire to limit the number of warehouses due to economies of scale, other papers have considered hybrid truck-and-drone models of delivery, which mitigate the impacts of the limited range of the drone. In Dayarian et al. [17] , the drone flies from the warehouse to resupply a truck which is out on a delivery route. Campbell et al. [15] use continuous approximation models to assess the economic impact of truck-and-drone hybrid models over a variety of model parameters and customer densities. Other papers, including Ha et al. [31] , Agatz et al. [2] , Poikonen et al. [43] , Wang et al. [54] , Poikonen et al. [42] , and Murray and Chu [38] , that consider hybrid truck-and-drone delivery typically allow the truck to act as a mobile depot and battery swap station for the drone, which then delivers the package directly to a customer location.
Many of these papers use some (if not most) of the following simplifying assumptions.
1. All packages are homogeneous.
2. The drone is capable of carrying a single package at a time.
3. The battery life of a drone is a fixed amount of time, not dependent on the weight of the package(s) it is carrying. 4 . The speed of the drone is fixed and is not a decision variable capable of being optimized.
5. The set of allowable locations to launch/retrieve a drone from the truck is identical to the set of customer locations.
These assumptions may be reasonable in circumstances where a great premium is placed on operational simplicity, or where these assumptions allow for highly efficient solution methods. In other cases, these assumptions may not always be entirely realistic.
With respect to simplifying assumption (1), it is obvious that in reality not all packages are homogeneous. With respect to (2), the vast majority (86%) of packages delivered by Amazon are less than 2.3kg as of 2013 [10] . Yet, there already exist commercial drones that are listed openly for sale (even on consumer-oriented sites such as Amazon) that can carry several multiples of that payload, including the FreeFly Alta 8, which is capable of carrying payloads of up to 18kg [27] . The largest manufacturer of drones in the world [13] , Shenzhen-based Da-Jiang Innovations (DJI) also produces drones capable of carrying several consumer parcels. DJI sells the DJI Spreading Wings S900 for approximately $2,000 (as of September 2018), which is capable of carrying a payload of 8.2kg [21] . Griff Aviation is designing vertical take-off, multi-purpose, autonomous drones. The Griff 300 is designed with a goal of allowing a 300kg payload; the Griff 800 is designed with a goal of allowing up to 800kg payloads [27] . Boeing has also tested prototype vertical take-off cargo drones, which will eventually be able to carry payloads ranging from 250 to 500 pounds while traveling 60 to 70 miles per hours at a few hundred fee of altitude, according to Horizon-X division leader Peter Kunz [16, 12] . Thus, there already exist drones capable of carrying the weight of multiple typical consumer packages simultaneously.
With respect to (3), just like many other aircraft, drones require more power while carrying heavier payloads [22, 27] . With respect to (4), it should be noted that the speed for a drone that minimizes energy expenditure per unit distance is frequently slower than the maximum speed of the drone, as drag is a superlinear function of speed. Moreover, these energy-or time-minimizing speeds are dependent on the payload carried by the drone at any given time [18] . With respect to (5), there is no reason to assume that the ideal loca-tions to launch/retrieve a drone are necessarily customer locations. Moreover, in practice, not all customer locations are suitable locations for launching/retrieving the drone from a truck.
Contributions
We will propose a new truck-and-drone delivery model. Unlike most other papers in the literature, we will allow the drone to visit multiple customers consecutively without returning to the truck in between. Rather than using a fixed time limit for drone flight, we assume the drone has a fixed energy capacity. Our model assumes that the amount of energy depleted by a drone depends on the sum of the weights of the packages it is carrying and on the direction of travel.
The proposed solution method is flexible to accommodate a variety of situations including alternative constraints and objective functions. Moreover, the problem allows for the set of allowable drone launch/retrieval locations to be defined independently of the set of customer locations.
Later, we extend our model to the case where the truck carries k drones, instead of one. We also explicitly consider the case where the travel speed of the drone is a decision variable that may be optimized. Additionally, we provide thoroughly commented code in the hope that it may be useful to others in the research community.
Paper Organization
In Section 2, we formally define the Multi-visit Drone Routing Problem. In Section 3, we describe our solution method, provide visual examples, and provide additional theoretical results. In Section 4, we describe how to allow or require certain packages that may be unsuitable for drone delivery to be delivered by a truck. In Section 5, we add local 5 search to improve results. In Section 6, we present the results of several computational experiments that gauge the performance of solution methods and also provide sensitivity analyses on a number of problem inputs (e.g. drone speed and drone battery capacity).
In Section 7, we describe how to extend this model to k drones. In Section 8, we provide reference to our code. In Section 9, we present conclusions. In the online supplement, we present enhancements to our algorithm and other variants of the problem that are easily accommodated, including a variant where speed of the drone is optimized.
Problem Definition
The Multi-visit Drone Routing Problem (MVDRP) is a model of delivery with a single truck and a single drone. In MVDRP, both truck and drone start at a predefined warehouse. The truck acts as a mobile depot and recharging platform for the drone. The drone may launch from the truck with one or more packages, deliver these packages to their respective locations, then return to the truck for recharging and to pick-up additional packages.
The goal of MVDRP is to minimize completion time. Completion time is the elapsed time from the first departure of a vehicle from the warehouse until the return of the last vehicle to the warehouse. All packages must be delivered before completion time. In the remainder of this section, we define additional problem input parameters and constraints.
Problem Input Parameters
The following parameters are required as input to MVDRP.
• V is a set of feasible locations where a drone may launch from or land on a truck.
We may think of each v ∈ V as representing a location along the street network or a parking location.
• Let C be a set of customer delivery locations. We note that there is no requirement that C ⊆ V or V ⊆ C. Customer delivery locations and allowable launch/landing locations may be defined independently.
• depot = v 0 ∈ V is a warehouse location where the truck and drone pair will start and end its route. (This assumption is not fundamental to the model, but allows for more compact notation.)
• t t (v i , v j ) denotes the travel time for the truck from v i to v j , for any v i , v j ∈ V .
• t d (loc i , loc j ) denotes the travel time for the drone from location loc i to location loc j , with loc i , loc j ∈ V ∪ C. (In the case that drone speed is a decision variable and drone travel time between locations is not a fixed input, we refer the reader to Appendix C.)
• For each customer delivery location c i ∈ C, we denote the weight of the package to be delivered as w i .
• EM AX is the maximum energy capacity of the battery of the drone.
• e(loc i , loc j , W ) denotes the average rate of energy dissipation by the drone per unit time, when flying from loc i to loc j , with loc i , loc j ∈ V ∪ C, while carrying packages whose weight sums to W . The energy dissipation rate for a drone varies by origin/destination pair for a variety of reasons (e.g., wind direction and elevation differences between origin and destination). We only require that e be a non-decreasing function of W . In the event that the sum of package weights is infeasible for the drone to carry (i.e., too heavy to take-off), we set e(v i , c j , W ) = ∞. Also, if e ≡ 1 is a constant function, then this is equivalent to allowing a maximum flight of EM AX time units.
• HOV is a constant that denotes the rate of energy dissipation per unit time for a drone, whenever it is hovering. Hovering occurs when the drone arrives at a rendezvous point before the truck and must wait for the return of the truck.
• LaunchP enalty is a constant overhead time penalty for each time a truck stops to launch drones.
Problem Constraints and Additional Assumptions
Additional constraints and assumptions of MVDRP are as follows.
• A drone may launch from the truck or land on the truck at a location v, only if v ∈ V .
• A drone must not run out of battery before returning to the truck.
• The capacity of the truck is infinite.
• Any service time by the drone at a customer location and associated energy dissipation is already accounted for in problem inputs t d and e.
• The triangle inequality holds for t t and for t d .
• After the drone is launched, the truck begins immediately towards the rendezvous location and does not stop in between.
• The function e always returns a non-negative value. That is, the drone can never recuperate more energy than it expends while flying, even if elevation differences exist between launch and landing locations.
• HOV ≤ e(loc i , loc j , W ) for any loc i , loc j , W . That is, if a drone is waiting for the truck to arrive at a rendezvous location, hovering is the most energy efficient option.
Flying to some other location will never reduce energy expenditure. 
The first customer location to be visited is p 1 , the second customer location to be visited is p 2 , and generally p i is the ith customer location to be visited.
Phase 2: Transform
Let us construct a graph G = (V , E ). For each v ∈ V , there will be |C| + 1 different vertices in V . If we say that the truck and drone are at launch location v i,j , we mean that truck and drone are at the physical location of v i and that the first j customer package locations (p 1 , p 2 , ..., p j ) have been serviced, but the remaining customer package locations begins with the truck and the drone together at some arbitrary node v i 1 ∈ V . Next, the drone departs the truck at location v i 1 , visits customer package locations p j 1 +1 , p j 1 +2 , ..., p j 2 (in order), then returns to the truck at v i 2 . In Figure 1 , we display an example operation (v 5, 6 , v 3,9 ).
For each pair of vertices v i 1 ,j 1 and v i 2 ,j 2 where j 1 < j 2 , we compute the cost of operation
We define truckT ime = t t (v i 1 , v i 2 ), which represents the amount of time required for the truck to travel directly from launch location v i 1 to rendezvous location v i 2 . The term droneT ime represents the amount of time for the drone to fly from launch location v i 1 , service customers locations p j 1 +1 , p j 1 +2 , ..., p j 2 (in order), then return to the truck at v i 2 .
Formally:
To compute the energy expenditure (EE) of the drone related to operation (
we first compute W sum as the sum of package weights associated with customer locations
This is the take-off cargo weight of the drone. Next, we compute the following sum:
The right hand side of the energy expenditure equation contains four terms. The first term is the energy expended from the launch point v i 1 to the first customer location of the operation; the next term is the energy expended by the drone between consecutive customer locations in the operations; the third term is the energy expenditure of the drone from the final customer location of the operation back the rendezvous location v i 2 ; the fourth term is the hovering energy expended in the case that the drone arrives to v i 2 before the
This detail may reduce computation time significantly for large instances, because we can break from an inner for loop significantly earlier.)
Additionally, for each pair of vertices v i 1 ,j and v i 2 ,j , we compute:
This cost is relevant in the case that we land a drone on the truck at location v i 1 after servicing customer location p j , but wish to reposition the truck to location v i 2 before launching the drone towards customer p j+1 .
Phase 3: Shortest Path
We apply Dijkstra's Algorithm [19] from starting vertex v depot,0 to terminal vertex v depot,|C| on the graph G where the cost of an arc (
The result is a feasible solution to the MVDRP. An example solution path traced through the transformed graph G is illustrated in Figure 2 .
Theoretical Results
Let us define VAL(V isitOrder) as the objective value returned by applying Phase 2 and
Let us define ROUTE(V isitOrder) as the corresponding truck and drone routes formed by applying Phase 2 and Phase 3 to V isitOrder. The worst-case computational performance of RTS, aside from solving the initial TSP, is O(|C| 2 |V | 2 ). However, if we know the drone cannot make more than k 1 consecutive deliveries before running out of battery, the worst-case performance is reduced to O(max(k 1 |C|, log(|C||V |)) * |V | 2 ). If we also know that at any launch location v ∈ V , there are no more than k 2 feasible landing locations for the drone, worst-case performance is reduced further to O(max(k1 * k2, log(|C||V |))|C||V |).
An example solution is for |C| = 75 customer locations and |V | = 75 launch locations is given in Figure 3 .
MVDRP with Select Truck Delivery
Suppose C o t ⊆ C is a set of package locations for which we have the option to deliver by truck. Suppose C r t ⊆ C o t ⊆ C is a set of package locations that require delivery by the truck. We also make the assumption that a delivery by truck is not allowed to occur while a drone is airborne.
To model this problem, we will simply make the following modifications to MVDRP inputs.
• For each c ∈ C o t , we will ensure that c ∈ V and t d (c, c) = 0.
• For each c ∈ C r t , for all loc
The idea is that we are allowing (or requiring, in the case c ∈ C r t ) a zero-distance drone launch. In reality, the zero-distance drone launch is a delivery serviced by the driver of the This scheme does not allow for a truck to make a delivery while airborne. As future regulatory requirements for drones are uncertain, regulators might require that there must always be someone present in the truck to monitor the progress of any drones launched and react in the event of unexpected circumstances. In Appendix B, however, we describe a method to allow a truck to visit some customers while the drone is airborne.
RTS with Local Search
Our Route, Transform, Shortest Path, and Local Search (RTS+LS) algorithm operates in a similar manner to RTS. However, rather than considering only a singled fixed sequence for V isitOrder, RTS+LS will search local neighborhoods of V isitOrder for similar visit sequences, find an MVDRP solution to each, and moves downhill if changing the visit order creates objective value improvment.
We define RTS+LS as follows.
1. Initialize V isitOrder as the optimal TSP solution for C ∪ {depot} using t d as the distance metric.
2. Set oldV isitOrder = V isitOrder.
Construct neighborhood(V isitOrder).
4. For each neighbor in the neighborhood, compute VAL(neighbor).
5. Set V isitOrder = argmin neighbor∈neighborhood (VAL(neighbor)).
6. If oldV isitOrder = V isitOrder, terminate algorithm. Else, go to step 2.
The term neighborhood(V isitOrder) is the collection of any visit orders resulting from swapping the order of any pair
We may reduce the size of the local neighborhood by only performing swaps that involve nodes that are sufficiently close to one another (i.e., within maxSwapDist). We assume any swaps involving nodes that are too far from one another are unlikely to improve solution quality.
Computational Results
All reported computations were done on a compute with an i7-6700 processor operating at 3.4GHz with 16GB of RAM. Instance data is available at http://www.stefan-poikonen.
net/mvdrp/index.html. We use the implementation of [28] in Gurobi 7.0.2 whenever we solve a Euclidean TSP to initialize a visit order. All reported computation times are measured in seconds.
Results on Instances of Various Sizes
We constructed a series of test instances. For each test instance we computed (1) the optimal truck-only TSP solution, (2) the objective value for the MVRDP solution found by the RTS heuristic, and (3) the objective value for the MVDRP solution found by the RTS heuristic and 2-point swap local search. Additionally, we recorded the computational time elapsed to compute each.
For each set of instances with a specified number of customer locations, |C|, and a specified number of allowable launch locations, |V |, we randomly generated all customer locations and allowable launch locations uniformly over a 100 by 100 square region. The depot location was also randomly generated over the same 100 by 100 square region. The weight of packages demanded by each customer was distributed uniformly over U [0, 5] . This is related to Jeff Bezos's comments which target packages up to five pounds for drone delivery. In these computational experiments, to determine the time of traversal for the truck between two locations, we assumed the truck moved at unit speed and traveled the Euclidean distance between two locations. The drone was also assumed to move according to the Euclidean distance, but at a speed of 2 units.
In Table 1, we display a table of We also point out our observation that for instances with 75 more more customer lo- cations, more than 90% of computation time was related to computing the costs of edges in the transformed graph G . We believe computational time could potentially be reduced significantly if we do not precompute each edge cost of G , but rather compute edge costs "on the fly" as they are encountered during the exploration of G in Phase 3 of the algorithm. Moreover, it is possible to replace Dijkstra's Algorithm with the A-Star algorithm to further reduce computation time, as described in Appendix A. This would further reduce the number of edges in G for which we need to compute costs.
Sensitivity Analysis: Drone Energy Capacity
We wished to evaluate the sensitivity of this model to the energy capacity of the drone, EM AX. We used the same problem parameters as in Section 6.1, except we fixed |C| = 50, |V | = 50, and we varied the value of EM AX. Each row of We also note that computation time tends to gradually increase with EM AX. This is because a larger number of potential operations need to be considered. Whenever an operation (v i 1 ,j 1 , v i 2 ,j 2 ) is infeasible due to energy constraints, then for any j 3 > j 2 , the
is necessarily also infeasible and does not need to be considered.
Sensitivity Analysis: Drone Speed
We wished to evaluate the sensitivity of this model to the speed of the drone. We used the same problem parameters as in Section 6.1, except we fixed |C| = 50, |V | = 50, and we varied the speed of the drone. Recall that the truck has unit speed. The results reported are averages over 24 random instances. (A total of 25 were generated, but one was infeasible for α = 1.5 with respect to energy constraints, so it was dropped.) Each row of Table 3 reports the Drone Speed, the average objective value using RTS heuristic (RTS Obj.), the average computation time using RTS heuristic (RTS. Time), and the average reduction in objective value relative to the Euclidean TSP. The final line of the table reports the average Euclidean TSP (ETSP) objective value, which represents a benchmark of a truckonly solution. We draw the readers attention to the fact that we do not seem to run into some asymptotic limit even for a drone speed of 10. Marginal savings are still very significant even for high drone speeds.
Sensitivity Analysis: Proportion of Packages Available for Drone Delivery
We wished to evaluate the sensitivity of this model to the proportion of packages that are eligible for drone delivery. We fixed |C| = 50, |V | = 100, EM AX = 40, e(W ) = (1+(W/5) 4 ), HOV = 0.5, LaunchP enalty = 1, assumed truck and drone operated according to the Euclidean distance metric, and the drone traveled at speed 2. All customer locations were generated uniform randomly over a 100 by 100 square region. Each customer location was eligible for delivery with probability PE (the first column in Table 4 ). If a customer was eligible for drone delivery, its weight was selected randomly from U(0, 5). In order to ensure feasibility, 50 of the 100 launch vertices were set as the customer locations. Thus, if c ∈ C, then c ∈ V . This ensures a zero-distance launch location for each customer location, which implies the truck is able to deliver any package, if necessary. of V were generated by randomly selecting their location over a 100 by 100 square region.
Each row reports averages over 25 random instances. Each row of Table 4 reports the proportion of customer eligible for drone delivery (PE), the average objective value using RTS heuristic (RTS Obj.), the average computation time using RTS heuristic (RTS. Time), and the average reduction in objective value relative the Euclidean TSP (Savings). The final line of the table reports the average Euclidean TSP (ETSP) objective value, which represents a benchmark of a truck-only solution.
Let Savings(PE) denote the value of Savings for a given value of PE. Define Proportional Savings = Savings(PE)/Savings(1.0). In Figure 4 , we display PE on the x-axis and Pro- The solution method we propose for k-MVDRP is very similar to MVDRP. We call it the kRTS heuritic. For MVDRP, we computed the cost of an edge in the transformed graph (i.e. the cost of an operation) as:
For the k-MVDRP, we analogously compute the cost of an operation as:
Each drone is assigned a unique index in {1, 2, ..., k}. For an operation (v i 1 ,j 1 , v i 2 ,j 2 ) it is necessary to assign each package location p j 1 +1 , p j 1 +2 , ..., p j 2 to a single drone. (However, a single drone is allowed to be assigned to multiple package locations in an operation.) In particular, we say that assignment(p b ) = a whenever we have assigned package location p b to be visited by the drone with index a.
We then define droneT ime a as the amount of time required for a drone to fly from v i 1 , then fly to all package locations p b where assignment(p b ) = a, then return to the rendezvous location v i 2 plus the value of LaunchP enalty to account for overhead time. If assignment of package locations to drone a is infeasible due to energy or other constraints, then we set
The value of droneT ime a depends not only on the set of packages assigned to drone a but also on what order the packages are visited.
In the special cast that j 2 − j 1 ≤ k, then the optimal partition is always to assign a single drone to each package. The routing in this case is trivial, because each drone visits at most a single package location. If j 2 − j 1 > k, we define a scheme for assigning package locations to drones. In the block assignments scheme, we assign the first (j 2 − j 1 )/k package locations of an operation to the first drone. The next (j 2 − j 1 )/k are assigned to the second drone, and so on until all packages p j 1 +1 , p j 1 +2 , ...p j 2 are assigned. If a drone is assigned package locations p s and p t in the same drone operation, then the block assignment scheme forces the drone to visit p s before p t .
In Figure 5 , we display an example of the block assignment scheme applied to an operation defined by the edge (v 11,4 , v 7,10 ) with three drones. In this example, j 2 = 10, j 1 = 4, and k = 3, so the first drone must deliver to p 5 and p 6 , the second drone must deliver p 7 and p 8 , and the third drone must deliver p 9 and p 10 .
We remind the reader that V isitOrder = [p 0 , p 1 , ..., p |C|+1 ] is determined in the "Route" 
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stage by solving a TSP using travel times defined by t d . Therefore, we naturally expect that consecutive package locations p i and p i+1 will tend to be located near one another. This is the intuition underlying the block assignment scheme: consecutive blocks of packages are typically located near one another.
Each time we compute the cost of an operation (v i 1 ,j 1 , v i 2 ,j 2 ) for k-MVDRP using the block assignment scheme, the computational complexity is O(j 2 − j 1 ). That is the same computational complexity for computing the cost of operation in MVDRP. Thus, the block assignment scheme is a simple, intuitive scheme that provides solutions to the k-MVDRP in the same time complexity as MVDRP.
The kRTS heuristic is then defined as the application of RTS heuristic, except that we compute the cost of an operation as:
while using the block paritioning scheme to assign drones to package locations.
k-MVDRP Computational Results
We generated a set of 25 test instances to test the kRTS heuristic for k − M V DRP . There were |C| = 50 customer locations and |V | = 50 launch locations generated randomly over a 100 by 100 square region. The energy drain function was set to e(W ) = (1+(W/5) 4 ), drone speed was set to 2, EM AX = 40, HOV = 0.5, and LaunchP enalty = 1. The 25 instances
were tested with k = 1, 2, 3, ..., 10 drones. Each row of In Section 7, we described k-MVDRP and the intuitive block assignment scheme, which assigns package locations between the k drones within an operation. Although this scheme has a low time complexity, it may not always find a feasible solution when one exists, and smarter methods may be developed to reduce the time duration for operations in k-MVDRP.
If we are able to get more detailed data regarding the distribution of customer demands, feasible launch/landing locations, package weights, and the physical capabilities of drones, we would be interested to apply our algorithms with these parameters and study the results.
Additionally, there are a number of pieces of our implementation that may be optimized significantly to reduce computational time. Firstly, rather computing the exact Euclidean TSP solution to initialize a visit order, we could instead compute a high-quality heuristic solution via the Lin-Kernighan Heuristic [36] or similar. Rather than explicitly computing each edge costs in the entire graph G (which is most computationally costly portion of our algorithm), we could instead compute edge costs "on the fly" while solving the shortest path problem in Phase 3.
In some circumstances, we may wish to optimize an alternative objective function. Under the new objective function, if the costs of all the operations are separable from one another, then we may simply modify our computation of edge costs in G to accommodate the new objective function. It would be interesting to explore application of our model on alternative objectives (e.g. minimize a linear combination of route duration and truck carbon emission).
Conclusions
We introduced the MVDRP, kMVDRP, and MVDRP+SO. These models are novel because they relax a number of simplifying constraints that often appear in the literature.
In particular, we allow a drone to carry multiple heterogeneous packages, we allow the energy drain function to be any non-decreasing function of weight for each location pair, we decouple the set of launch/landing vertices from the set of customer locations, we describe how to optimize the flight speed of the drone on each segment, and generalize the model to the case of one truck and k drones.
Computational experiments were conducted and indicated that objective values are highly sensitive to drone speed. Although increases in the energy capacity of the drone increased range and reduced objective values, limited payload capacity of the drone implied the drone still needed to return to the truck, which limited the impact of an increased battery life.
The use of multiple drones allowed for significantly higher savings, nearly 57% for k = 10 under the kRTS heuristic, than using a single drone. All computational experiments point to the potential for very significant reductions in route duration and delivery times.
cause it does not allow for packages to be delivered by the truck while a drone is airborne.
Solutions to the MVDRP or k-MVDRP may have operations where the truck arrives to the rendezvous location before any drone. We are interested to explore ways to exploit both the driving time of the truck and potential slack time (i.e. the time the truck is waiting for the first drone to arrive at the rendezvous location) of the truck. To do so, we allow the truck to detour slightly to make at maximum one delivery before arriving at the rendezvous location.
One method to try to exploit the potential ability of the truck to make deliveries while the drone is airborne follows. In Agatz et al. [2] , the authors computed T (i, j) as the minimum cost of an operation beginning with package i of a sequence, terminating after visiting package j of a sequence. An operation in their model allowed for only a single package to be delivered by a drone. Thus, the authors set T (i, j) = min k T (i, j, k) as the cost of an operation, where k was the index of a package location that would be drone delivered and appeared between package location i and package location j for a given sequence.
In MVDRP, we could utilize a similar idea. However, rather than restricting the drone to a single delivery while separated by the truck, we could restrict the truck to a single delivery while separated from the drone.
To do so, we could redefine the cost of an operation in MVDRP and thus the cost of an edge in G . If the operation does not require the drone to expend more than EM AX energy, then the cost is computed:
cost(v i 1 ,j 1 , v i 2 ,j 2 ) = min(min x∈{j 1 +1,j 1 +2,...,j 2 ,−1} (max(newT ruckT ime x , newDroneT ime x ), max(truckT ime, droneT ime)).
The term newT ruckT ime x is the driving time of the truck from launch location v i 1 , to location p x , then to the rendezvous location v i 2 . Formally:
newT ruckT ime x = t t (v i 1 , p x ) + t t (p x , v i 2 ).
The term newDroneT ime x is the drone flight time from launch location v i 1 , to each of p j 1 +1 , p j 1 +2 , ..., p j 2 (in order), then to v i 2 , except that it skips over package location p x .
Thus:
where
If the drone were to operate at the energy minimizing speed on each segment of an operation and would arrive at the rendezvous location before the truck, then the bottleneck is the arrival of the truck. Thus, the drone would simply use the energy minimizing speed, and we would set cost(v i 1 ,j 1 , v i 2 ,j 2 ) = truckT ime = t t (v i 1 , v i 2 ).
On the other hand, if the drone would arrive later than the truck while using energy minimizing speeds, then we will seek to increase the speed of the drone until either: (1) the drone arrives at the same time as the truck, or (2) any further increases in speed would cause an expenditure of more than EM AX energy during the operation.
To solve for nearly optimal speed settings for all segments of the operation, we begin by assuming the drone travels at energy minimizing speeds on each segment. Next, we then will iteratively increase the speed on one flight segment at a time by a marginal amount, δ > 0, until the drone arrives at the rendezvous location no later than the truck or further speed increases would cause an energy constraint violation. Each iteration, when deciding which flight segment should increase its speed by δ, we choose the segment that maximizes time savings per additional unit of energy expenditure. We call this procedure Incremental Speed Adjustment (ISA). Formally, if we have a set of existing segments in the same operation, where generally segment x has the drone carry a payload of weight W x from loc x 1 to loc x 2 at speed s x , then we decide to increase the speed of segment y by δ, where y = argmax x (timeSaved x )/(extraEnergy x ), and where Theorem 2 If on each flight segment of an operation drone energy expenditure per unit distance is a convex function of speed, then as δ → 0 + the cost of an operation with speeds determined by ISA converges to the minimum possible cost for the operation.
